Cohomology ring MATH-506, 2025

Cohomology ring : Solution Sheet 5

¢ Exercice 1. Functoriality. Consider the inclusion i: Cy < Cy and the projection p: Cy — Cs. Let F,
be the free periodic ZCs-resolution of Z and GG the free periodic ZCy-resolution.

1.

A

Extend the identity on Z to a map 7: Fe — G4 of ZC5-chain complexes.
Compute the induced map H,,(Cs;Z) — H,(Cy;Z) for all n > 0.
Compute the induced map H,,(Cy;F3) — H,,(Cy;Fs) for all n > 0.
Extend the identity on Z to a map 7: G4 — F, of ZCy4-chain complexes.
Compute the induced map H,(Cy;Z) — H,(C2;Z) for all n > 0.
Compute the induced map H,,(C4;F3) — H,(Cy;F5) for all n > 0.

Solution 1. (by Eliot and Damien)

1.

First observe that we can see ZCy as a ZCy-module thanks to i : ZCy — ZC4 so that t - ¢ = t2x for
t € ZCs and x € Z(Cy. Let’s extend the identity on Z to a map f : Fy — G,, so we need to find ZCs
homomorphisms f, for all n € N such that the following diagram commutes :

70y, s 70y s 70, L 70, <> 7

b ek

— 3 2 —
70, % 2o P 0, s 0, <> 7

Since the f,’s are ZC5 homomorphisms, they’re totally determined by the image of 1. Observe that
we can take fo =i and then we need that the following square commutes :

7Cy — = 7.0,
lfl iz
t—1
ZC4 —_— ZC4
Thus we get :

AE-1)=t*—1

Then, f1(1) = t+1 works. We'll denote f; = j, observe j(t) = t3+t2. Now we need that the following
square commutes :

7.0y - 700

lfz ij
3 2

zcy e,
Thus we get :

LOE+E+t+1) =2+ +t+1

Then, f5(1) = 1 works. We write fo = i. Using the periodicity of both complexes, we deduce that
fon=tand fop1=jforneZ:
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20, > 70, 70, 70, <> 7
ek e
20, =5 20, Y0, 10, - 2
2. Let’s recall that
Z ifn=20
if n =2k

Fo ifn=2k-1

for £ € N>;. And

Z ifn=0

H,(Cu;Z)=<¢ 0 if n =2k
F, ifn=2k-1

for kK € N>;. Now we can apply to our previous diagram the functor Z ®zc,

_and then change the

base ring of the bottom row’s tensor products Z ®zc, Ge — Z ®zc, Ge to get chain complexes, and

then the maps ¢ and j become :

72-s7_ 2.7 _%.7
S
722>zt 7 _°.7

And thus in the homology groups it becomes :
Ho(f,Z) =idy : 7 — 7
sz(f;Z) =0:0—0
Hop1(fiZ) =Fy = F4; 12
for k € N>1.
We apply the same idea as in the previous questions but this time with functor Fs ®zc,
Fy ®zc, Ge — Fa ®z¢, Ge to the bottom row :
Fy —>Fy —2>Fy —2>TF,
ekl
0

Fy —2 s, Fy —2 T,

The multiplications by 2 and 4 become the 0 map since we are in Fs. So we have that :

H, (Cy;Fy) =2 Ty
H, (Cy;Fy) =Ty

for all n € N. And then :
Hgk(f;Fg) = id[ﬁ‘z : IFQ — FQ
Hopp1(f;F2) =0:Fy — Fy

for all £ € N.

__and then



Cohomology ring MATH-506, 2025

4. Notice that ZC5 is a ZC4-module induced by the projection p : C4 — Cs : For x € Cy,t € Cy
generators we have z-1:=p(x)-1 =t-1 =1 (with 1 € ZC3), and extend linearly. In a similar fashion
as in point 1, we want to extend the identity on Z to a map g : G¢ — F,, such that the following
diagram commutes :

_ 3,42 _
70, s 7, P e, S m0, > 7

bk

ZCy 20, 70, T 10, S > 7

We can take gy = p and we want to find g; : ZCy — ZC5 such that the following diagram commutes
(once again, each g; is uniquely determined by its image of 1) :

70, % 70,

lgl ip
t—1
ZCQ —_— ZCQ
It should satisfy :

(t—1)g1 =p(t—1)=(t—1) so we can take g;(1) =1ieg; =p

Moving on to the next map, we’re looking for go : ZC,; — ZC5 making the following diagram

commute :
zc, e,
7.0y 2 7.0,
We get :

(t+1)go=pt> +t>+t+1)=(t+1+t+1) =2(t+1) so we can take g, = 2p
Going on with this method we have that g3 = go = 2p, g5 = g4 = 4p and we begin to see a pattern.
Inductively we have that g2, = gop+1 = 2™p for every n € Z.

5. Applying the functor Z ®zc,  and then change the base ring of the bottom row’s tensor products
Z Rzc, Fo = Z Rzc, Fo on the whole diagram we obtain the following for the lowest numbers of the

resolution :
7z—2>7"5>7-L257
.
7z—2>7 25757
and at step 2n € Z of the resolution :
z—2>722>7 257
SYNNE
z—2>7-">7-257

Thus we obtain for every n € N>y :

Ho(g;Z) =idy : 7 — 7
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Hy(g;Z) =p:Fy — Ty
Hy,(9;Z)=0:0—0
Hypi1(9:Z2) =0:Fy — Fy

for the last one (Hay1), notice that the map 2™ : Z — Z after taking the quotients gives us a map
[2"] : F4 — Fy where we send [1] mod 4 to [2"] mod 2 which is = 0 for n > 1.

6. Similarly, applying the functor Fo ®zc,  to the diagram we constructed in point 4, and then Fs ®zc,
Fo = Fo ®zc, Fe to the bottom row, we get the following diagram :
0

0 0

Fy Fy Fy Fy

Pkl

Fy—2sF 2>, "o,

with 0 maps for all the other maps of the diagram. Hence we get for every n € N :
Ho(g;F2) = Hi(g;F2) = idy, : Fo — Fa
Hn(g,Fg) =0: FQ — ]FQ

¢ Exercice 2. Coefficients modules. Let G be a group and 0 — M’ 2 M B M” — 0 a short exact
sequence of ZG-modules.

1. Prove that there is a connecting homomorphism 9: H,+1(G; M") — H,(G; M') such that there is a
long exact sequence in homology

o Ha 1 (G MY S HL (G M) 225 Ho (G M) 25 Hy (G M) S

2. Prove the analogous statement in cohomology.
3. Compute H,(Co;Z/k) for any n and k (the coefficients have the trivial module structure).

4. Compute the connecting homomorphism associated to the exact sequence Z/2 — Z/4 — 7Z/2 of
trivial modules, in homology and cohomology (for the group Cs). This connecting homomorphism is
called the Bockstein homomorphism.

Solution 2. (by Douglas and Fabien)

1. Let F, be a free resolution of Z over ZG. In particular, for each n € N, the module F,, is flat and we
have a short exact sequence

0= F,®c M — F,®¢ M — F, @ M" — 0.
Pasting these together yields a short exact sequence

0—>F.®GM/—>F.®GM—)F.@GMH—)O.
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of chain complexes. Indeed it is immediate to see that following diagram commutes :

0 0 0

| | |

—— By @M —— Fo_1 @z M —— - —— Fy @z M’

5n®@id yy
idp, ®i idF1L71®'L-J/ id g, ®i
'*>Fn®ZGM%TidM>Fn—1®ZGM Fo ®zc M >
idp, ®p idp, ®pl idp, ®p
- —— F, ®zqa M’lémnFn_l KRza M — . — Fy ®zc M
|
0 0 0

where {d,, }nen are the differential of F,.

Let us denote by {d, }nen, {d}, }nen and {d!'},cn the differentials of the chain complexes Fy ®¢ M,
Fy ¢ M’ and F, ® M" respectively. Now fix some n € N and consider the commutative diagram

Fo @ M'/Im(d,, 1) — Fn ®¢ M/Tm(dyi1) — F, ©g M"/Tm(d, ;) — 0

I= 2 lz 7

0 —— Ker(dl,_ ;) ———  Ker(d,-1) ———— Ker(d!_,)

n—1

where the vertical maps are the maps induced by the differentials and the horizontal maps are induced
by the maps i and p. As the rows are exact (this can be verified by hand) we may apply the snake
lemma to get an exact sequence

Ker(d!,) — Ker(d,,) — Ker(d!!) — Coker(d!,) — Coker(d,,) — Coker(d).
Note that by definition we have
Ker(d,) = H,(Fs ®c M) = H,(G; M)

and

Coker(d,) = Hp—1(Fe ®c M) = H,,_1(G; M)

and similarly for the other chain complexes. Thus we get an exact sequence
H,(G;M") — H,(G;M) = H,(G;M") - H,_1(G;M") — H, _1(G; M) — H,_1(G; M").

As n was arbitrary, we may glue all these exact sequences to get the desired result.

2. Let us now prove the analogous statement for cohomology. That is, there are homomorphisms
0:H"(G;M") — H" ™ (G; M)
such that there is a long exact sequence
ceo HMG M) B HY (G M) B HY (G M) S H PG M) — -

Let F, be a free resolution of Z over ZG. Now for each n € N, the functor Homzg (F,,, —) is exact as
F,, is free and in particular projective. Indeed, the functor Homyg(F,,, —) is always left exact and the
property that it maps every surjection to a surjection is exactly what it means for F,, to be projective.
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This imply that we get as before a short exact sequence
0 — Homgg(F,, M") — Homgzg(Fe, M) — Homgzg(Fe, M') — 0

of cochain complexes as follows :

0 0 0
B HomZG(Fn’MP/I) (TMH)Ong(Fn_l,Ml) — s S/ Hong(Fo,M/)
omzG(On,

J{Hong(Fnﬂl) J{HomZG(anlvi) J{HOTUZG (Fo,’i)
o Hong(Fn,M — Hong(Fn_l,M) Hong(Fo,M)
omyc (6y,,M")
lHomzc(Fmp) lHOmZG(Fn—hp) lHomzc(Foﬁp)
RV Hong(Fn,MI;/ W&?ng(anl,Mﬁ) — o/ HOIHZG(F(LMH)
[ |
0 0 0

Now the exact same argument as in point 1. shows the claim. Notice that the order of arrows is now
reversed as Homyq (F),, —) is contravariant.

3. Let us show that
ZJKZ ifn =0
H,(Co, Z/KZ) = ¢ Co if 2|k and n > 0
0if 2 fkand n >0

The short exact sequence
025725 72/k2 -0

where 7 is the multiplication by & induces a long exact sequence
e o Hy 1 (Co, ZJKZ) = Hy(Co,Z) 25 Hy(Ca, Z) B H,y(Co, ZJKZ) — - --

We recall that
Zifn=0
H,(C2,Z) =< Cyif n >11is odd
0ifn>11iseven

Hence it is immediate that
Hy(C2,Z/kZ) =2 7/ Ker(px) = Z/ Im(i.) = Z/KZ.
Now let n > 1 be even. There is an exact sequence
0 — Hy,(Ca, Z/kZ) — Hy1(Ca, Z) 2 Cy 3 Hyy_1(Co, Z) = Cs,
where i, is the multiplication by k. We deduce that

Cy if 2|k

H,(Co, Z/KZ) = Ker(iy) = {O 2 1

If n > 1 is odd the exact sequence

H,(Co,7) = Cy ™ H,(Co,Z) = Cy 25 H,(Ca, Z/KZ) — 0
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shows similarly that

) Cy if 2]k
H,(C5,Z/kZ) = Cy/ Ker(p,) = Co/ Im(iy) =
(Co, Z/KZ) 2/ (p+) 2/ Im(ix) {Oif2,rk
because i, is the zero map whenever 2|k and it is the identity otherwise.
The only case remaining is n = 1. We have an exact sequence

Co s Oy B H(Co,2/k7) 2757 — 7/kZ — 0.

Notice that 0 = 0 as multiplication by k is an injection. This imply that p, is a surjection by exactness.
Hence,

Hl(CQ,Z/kZ) = Cg/Ker(p*) = CQ/IIH(Z*)
If 2 divides k, i, is the zero map. If 2 does not divides k, the map i, is the identity. This concludes
the proof.

4. We start with the homology case.
Let us denote by 9y, : Hy,+1(Co,Z/2Z) — H, (Cs,Z/27Z) the n-th connecting morphism. By questions
1. and 3. there is a long exact sequence

2228 72/22 5 2/22 55222 — - -

We have that 0y, : Z/27 — 7Z/27 is either the zero map or the identity. We will compute the induced
maps i, : Hy(Co,Z/27) — H,(Ca,7Z/4Z) at each degree to deduce 9,. Let us take the periodic free
resolution F, of Z as in Example 4.5 of the lecture notes, where each F), is a copy of ZC5. There is
a commutating diagram

Yz 2 727 2 7)27 —2— 7)27

bbb

25 7/47 —% 7.)47. —2 7.)47. —°— 7.)A7

where the first row is Fy ®zc, Z/27, the second row is Fy ®zc, Z/4Z and the vertical maps are
the maps induced by ¢ on tensor products. The maps i, are induced by these vertical morphisms on
homology groups. Hence we deduce that i, is is the injection Z/2Z — 7Z/47Z on degree 0, the zero
map on odd degrees n > 1 and the identity on even degrees n > 1. By the above long exact sequence

this implies that
0 if n is even
an = 9. . .
idz /27 if n is odd

We now do the cohomology case.
By Question 2 we have a long exact sequence

oo H™(C: ZJ27) 5 H™(Co; ZJAZ) 5 H™(Co; Z)22) %3 H" T (Coy Z/2Z) — -+ .

Let F, be the same resolution as above, as in Example 4.5 of the lecture notes. From this resolution,
we can construct the two following cochain complexes :

H0m202 (ZCQ, Z/QZ) E— HOII’IZC2 (ZCQ, Z/QZ) E— HOIHZCZ (ZCQ, Z/QZ) —_—

J{iozi07 J{ilziof J{Z‘gzi07 )

Homgc, (ZCs,Z/4Z) —— Homgce,(ZC2, Z/47) —— Homge, (ZCo, Z/4Z) —— - -
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where the first row is Homge, (Fe, Z/27Z), the second row is Homgc, (Fe, Z/47) and the vertical maps
are the map induced by 1.
As Homyc, (ZCo, M) =2 M for any module M, this is equivalent to the diagram

7.)27 —2— 7./27. —2— 7./27. —— 7.)27. —— 7./27. —2— ...

A A

747 —— 7.)47, —2 7.)47, —°— 7.)47, —2 7.)47 —°— ...

where the horizontal maps come from the free periodic resolution of Z. By definition,
H"(Cy;Z/kZ) = H"(Homzc, (Fe; Z/kZ))

SO we get
H™(Cy,7./27) = 7.)2Z

and
H"(Co; ZJAZ) = L] AL ?f n=0
Z/)2Z ifn>1

Thus our long exact sequence becomes

(2 On

- * Ty * Ont1
0 7.)27. Z)A7 2 7./27. 7./27. 7.)27 2 7.)27, = .
Moreover, the vertical maps ¢ of the above diagram induce the maps i, on cohomology groups. On
degree 0, we get that 4, is the injection Z/2Z — Z/4Z. On odd degree n > 1, it is the identity map
and on even degree n > 1, it is the zero map.
Using this in our long exact sequence, we get that

8 i idz/gz lf n iS Odd
") 0if n is even

¢ Exercice 3. Ext and extensions. Reminder from rings and modules? Let R be a ring, and
A, B two left R-modules. Let £ denote an extension of A by B in R-modules, i.e. a short exact sequence
0=+ B — E— A— 0. We denote by O(¢) € Extg(A, B) the image of the identity under the connecting
homomorphism 9: Hompg(A, A) — Ext}z(A, B) induced by the short exact sequence £ (in the long “Hom-
Ext” exact sequence). The objective of this exercise is to prove that © is a bijection between the set of
equivalences classes of extensions of A by B and Exth(A, B). We also fix a projective cover P — A and
call K its kernel.

1.
2.

Prove that ©(§) = 0 if and only if € splits (as the trivial extension).
Show that any element = € Extp(A, B) is in the image of the connecting homomorphism & induced
by the short exact sequence K 2 P — A (it is 9(p) for a homomorphism 3: K — B).

Let X be the pushout of j and 8 in R-modules, given by the cokernel of (j, —f3). Show that there is
an extension 0 -+ B — X — A — 0 and prove that © sends it to z.

. Show that another preimage 8’ of x under 9, as in 2, gives rise to an equivalent extension 0 — B —

X - A—=0.

For any extension £, show that there is a map of extensions from P to E, which yields an isomorphism
between the pushout of the left square and F.

Conclude that © is injective.
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Solution 3. (by Raphaél and Xie)

1. Let )
& 0—BSESHA—0O

be a short exact sequence of left R-modules and consider the long exact sequence given to us by
applying Hompg(A4, ) to & :

0 — Hompz (A, B) = Hompg(A, E) 25 Homp(4, A) 2 Exth(A, B) & ExthL (A, E) — - -

with i.(f) =io f,p«(g) = pog and O the connecting morphism induced by & that makes the sequence
exact.

If ¢ splits, there exists s : A — F such that pos =id4, so ids € Im(g.), hence by exactness of the
sequence above d(id4) = 0.
Conversely, if 9(ids) = 0, exactness of the sequence above gives idy = p.(s) = p o s for some
s:A— F, so ¢ splits.

2. As stated, let w: P — A be a projective cover with kernel K :

tp: 0—KLPDA 0.

Applying Hompg(+, B) yields the exact sequence
... = Homp(P, B) — Homp(K, B) % Exth(4, B) — ExtL(P,B) =0 — ...

with the last equality EthR(P, B) = 0 a result of P being projective. In particular this means that
9 : Homp(K,B) — Exty(A, B) is surjective, i.e. every element of Extk(A, B) is d(3) for some
morphism 5 : K — B.

3. Let f: K — B an R-modules morphism, and let X be the pushout of j : K — P and §, i.e. :
X = (B @ P)/Im(j,—p).
The goal of the exercice is to show that there exists an extension &g
&g: 0—B—=X—2A—0

and that ©(&g) := d(Ida) = dp(f), with d the connecting morphism 9 : Hompg(A, A) — Ext}(A, B)
induced by &g, while dp is the connecting morphism Jp : Homg(K, B) — Ext(A, B) induced by
the short exact sequence ép : 0 - K — P — A — 0.

Let « : B — X be induced by the inclusion B —- B @& P and p : X — A be induced by the
projection B& P — P 4 A (note that p is well defined on X as g o j = 0). We show that

0—BSX5A4-—0

is exact. It is obvious that p is surjective and that Im(:) C Ker(p). We need to show that ¢ is injective
and that Ker(p) C Im(¢).

First inectivity of ¢ : let b € B with ¢(b) = 0, then by construction of X this means that there exists
k€ K s.t. b= p(k) and j(k) = 0. Injectivity of j implies that k = 0 therefore b = 0, meaning that ¢
is injective.

For the inclusion Ker(p) C Im(¢) : let (b,p) € B ® P s.t. (b,p) € Ker(p), then g(p) = 0, therefore
p = j(k) for some k € K, but (b, j(k)) = (b+ B(k),0) = o(b+ B(k)) i.e. (b,p) € Im(:), meaning we
have Ker(p) C Im(z).
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By construction of the pushout X, j(k) = B(k) in X for all k& € K, meaning the following dia-
gram commutes :

0 K—1 3P _—"54 0
S
0 B—">X -4 0
with ¢p the map induced by the inclusion P C B @ P. In particular, &g is the pushout extension of

§p by .

Let us now remember the following characterizations of the connecting morphisms 0 and dp. In
particular, d(id 4) is the class of the pullback extension of s obtained from id4 (i.e. £g), while Op(5)
is the class of the pushout extension of {p obtained from g (also £g). Both are the same, hence our
result.

4. Let 8,5" € Hompg(K, B) represent the same class x € Ext}%(A, B) via the connecting map 0 :
Hompg (K, B) — Exth(A, B). Then 8’ — B lies in the image of j* : Homp(P, B) — Hompg(K, B), so
there exists ¢ € Hompg(P, B) with

B=B+ypoj

Form the cokernels
X =(BoP)/im(B —j), X' =(BoP)/im —j).
Define an R-linear map T : B& P — B@® P by
T(b,p) = (b+ ¢(p), p)-

Then T is an automorphism with inverse T=1(b,p) = (b—(p),p), and a straightforward computation
gives for every k € K :

T(B(k), —j(k)) = (B(k) + @(j(k)), =i (k) = (B'(k), —j(k)).

Hence T maps im(f3, —j) isomorphically onto im(3’, —j), so it induces an isomorphism 7 : X — X’
of cokernels.
Finally, T fits into the commutative diagram

0 B X A 0
I
0 B X’ A 0

because on representatives g(b,0) — ¢'(b,0) (where q,q" are the quotient maps) and T preserves the
projection to A (it fixes the P-coordinate). Thus the two short exact sequences are equivalent.

5. Consider _ _
¢: 0—wBSESHA—50 0—oKLPSHA—0

with P a projective cover of A.

Since P is projective, there exists a lifting s : P — E with po s = . For k € K we have 7(k) = 0,
hence p(s(k)) = 0 and s(k) € i(B). Thus there is a unique 8 : K — B with s|g =i0 /.

Define ® : B® P — E by ®(b,p) :=i(b) + s(p). For k € K,

O(B(k), —j(k)) = i(B(k)) + s(—j(k)) = s(k) — s(j(k)) =0,

10
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so im(8, —j) C Ker ®. Therefore ® factors through the cokernel
X = (B&P)/im(B,—j)

and we obtain @ : X — F.

Surjectivity : For any e € E let a := p(e) € A. Choose py € P with 7(pg) = a. Then e — s(pg) €
Kerp = i(B), so e = ®(b, py) for some b € B; hence ® is surjective.

Injectivity : If ®(q(b, p)) = 0 then i(b) + s(p) = 0, so w(p) = p(i(b) +s(p)) = 0, hence p € K. But then

s(p) = i(B(p)), thus i(b) +i(B(p)) = 0, i.e. b = —B(p). Therefore (b,p) € im(B, —j), so q(b,p) = 0.
Hence @ is injective.

So ® : X =% FE is an isomorphism of R-modules. One checks easily that ® identifies the inclu-
sion B — X with ¢ : B — F and commutes with the projections to A. Thus the pushout extension
0 — B — X — A — 0 is isomorphic (as an extension) to the given &.

0 B X A 0
el
0 B B A 0

6. Injectivity of © : Suppose two extensions
& :0>B—>FE - A—0, §&: 0—>B—>F,—>A—0

have the same image under ©, i.e. O(¢;) = (&) € Exti(A, B).
Choose the projective presentation

0—KLPIA o,

and let 81, B2 € Hompg(K, B) correspond to &1, &s via the construction above. Equality of ©(£;) and
O(&2) means

A(P1) = 9(P2),

where & : Homp(K, B) — Exth(A, B) is the connecting map. Hence 3; — S5 lies in the image of
j* : Hompg(P, B) — Hompg(K, B), so there exists ¢ : P — B such that

B2 =P1+¢o].
By the previous result, 5; and S5 then yield equivalent extensions
0—-B—-X;—-A4A—0 and 0B —= X, —>A4A—0.

But each X; is isomorphic to F; (by the canonical isomorphism constructed from P to E;). Therefore
& and & are equivalent as extensions.

0 B X1 A 0
0 B Xo A 0

Hence O is injective.

¢ Exercice 4. Functorial properties of extensions. Let 0 - A — F — G — 1 be an extension of G by
an abelian group A. We fix homomorphisms a: G’ — G and f: A — A’ a homomorphism of ZG-modules.

11



Cohomology ring MATH-506, 2025

1. Show that the pullback of extensions along « corresponds to a,: H2(G; A) — H?(G'; a*(A)).
2. Show that F acts on A’ via the projection F — G, so we can form the semi-direct product A’ x E.

3. Let N be the subgroup in A’ x E generated by elements of the form (—f(a),a). Show that N is a
normal

4. Show that A’ is a subgroup of (A’ x E)/N whose quotient is isomorphic to G.
5. Prove that the induced map of extensions corresponds to the map f.: H?(G; A) — H?(G; A').

Solution 4. (Adapted from Qian and Zichun)
We write 0 » A 5 E 5 G — 1

1. Define the pullback along a by
E'={(g',e) eG'x E]a(g) =m(e)}.

Then ,
0—ASFE —G —1

is an extension of G’ by the G’-module a* A, where the G'—action on A is given by ¢’ - a = a(¢’) - a.
On the other hand, the pullback on cohomology is defined as :

. H*(G; A) — H*(G'; 0% A), [c] = [co(axa)].

It suffices to show that for a set-theoretical section s of 7 and factor set f: G x G — A such that
s(g)s(h) = (f(g,h))s(gh), fo(axa)is a factor set G' x G' — A corresponding to a section s’ of E'.

Define s’ : G — E' by s'(g) = (s(a(9)), 9)-
We compute :

e-a :=me)-d, (a' € A).
This makes A’ into an E-module, and we can form the semidirect product
A'xE={(d,e)|d €A, ecE}

with multiplication law
(a},e1) - (ay, e2) = (a) +m(er) - ay, erea).

3. Let N be the subgroup of A’ x E generated by all elements of the form (—f(a),a), a € A.
For (z,e) € A’ x E, let g = 7(e) € G. Recall

(z,e)"' = (— g b, e_l).

Now compute the conjugation of a generator of N by (z,e) :

(z,¢) - (=f(a),a) - (z,e) "

12
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First,
(x,e) - (=f(a),a) = (:I? +g-(—f(a)), ea).
-x,e” 1) gives
(x+g-(—f(a), ea)- (=g~ " -z, e ")
— (o4 g (—f(@) +7(ea) (~g~} - 2), eaeD).

Multiplying by (z,e)~!

Since m(ea) = w(e) = g (because a € A = Ker ), we have

m(ea)- (—g ™" -a)=g-(~g"" -a) = —a.

Hence the A’—component simplifies to

rt+g-(=fla)) —z=g-(=f(a)) = =g f(a).

Because f is ZG-linear, we have g - f(a) = f(g-a). The E—component is eae™!, which equals g - a
since the conjugation action of E on A corresponds to the G—action on A.

Therefore,

(z,¢) (=f(a),a) (x,e)7" = (= f(g-a), g-a),

which is again an element of the form (—f(a’),a’) with ' = g-a € A. Thus every conjugate of a
generator of N lies in N, and so N is a normal subgroup of A’ x E.

4. First, we show that A’ is a subgroup of (A’ x E)/N. For that it suffices to show that the composition
A" A xE— (A xE)/N

is injective. Take an element o’ € A’ such that its image under the above is [0] € (A" x E)/N. Then,
the image of ¢’ in A’ x E is in N, so (a/,0) has the form of (—f(a),a), but this gives o’ = 0.
Next, we show that A’ is a normal subgroup. Indeed (¥, ¢) - (a’,0) - (V,e)~t = (=g - a’,0). We can
take the quotient by A’.
Then, we show that the quotient of (A’ x E)/N by A’ is isomorphic to G. Consider p: A’ x E — G
sending e = (b, (¢, g)) € A’ X E to g.
This group homomorphism factor through (A’ x E)/N because p((—f(a),a)) = p((—f(a), (a,1))) = 1.
We get an induced homomorphism p’ : (A’ x E)/N — G. It factors through the quotient ((A’ x
E)/N)/A" because p/([(a, (0,1))]) = p((a’, (0,1))) = 1.
We have now a group homomorphism p” : ((4’ x E)/N)/A” — G. Then it suffices to prove p” is
bijection by constructing its inverse ¢ : G — ((A’ x E)/N)/A’ by sending g € G to [(0,(0,g))]. We
proved that the quotient is isomorphic to G.

5. Choose a normalized section s: G — E with s(g)s(h) = t(c(g,h)) s(gh), where ¢ € Z?(G; A). In
(A’ x E)/N, the section §(g) = (0, s(g)) satisfies :

5(9)3(h) = (0,5(g)s(h)) = (0, e(c(g, h)) s(gh)) = (f(c(g, b)), s(gh)) mod N.

Hence the 2-cocycle representing this new extension is f oc € Z2(G; A’). Consequently, the cohomo-
logy class of (A’ x E)/N is
Fulle) € H*(G; A).
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